Abstract: Trajectory encounter volume -the volume of fluid that passes close to a reference 9 fluid parcel over some time interval -has been recently introduced as a measure of mixing 10 potential of a flow. Diffusivity is the most commonly used characteristic of turbulent diffusion.
Introduction

19
The frequency of close encounters between different objects or organisms can be a fundamental 20 metric in social and mechanical systems. The chances that a person will meet a new friend or 21 contract a new disease during the course of a day is influenced by the number of distinct 22 individuals that he or she comes into close contact with. The chances that a predator will ingest a 23 poisonous prey, or that a mushroom hunter will mistakenly pick up a poisonous variety, is 24 influenced by the number of distinct species or variety of prey or mushrooms that are property budgets (Munk, 1966) . The purpose of this work is to develop a relationship between 50 and in one and two dimensions. The relationship is not as straightforward as one might first 51 imagine, but can nevertheless be written down straightforwardly in the long-time limit. This is 52 opportune, since the concept of eddy diffusivity is most relevant in the long-time limit. 
59
In practice, for dense uniform grids of trajectories, both the limit and the subscript in the above 60 definition can be dropped, and the encounter volume can be approximated by 
64 is the number of trajectories that come within a radius of the reference trajectory over a time Because the purpose of the diffusivity coefficient is to quantify the intensity of the eddy-induced 89 tracer transfer, i.e., the intensity of mixing, it is tempting to relate it to the encounter volume,
90
which quantifies the mixing potential of a flow and thus is closely related to tracer mixing. Such
91
an analytical connection between the encounter volume and diffusivity could potentially also be 92 useful for the parameterizations of eddy effects in numerical models.
The single particle dispersion, i.e., the ensemble-averaged square displacement from the
or 2D, respectively. For a diffusive process, the dispersion grows linearly with time, and the 107 constant proportionality coefficient that is related to diffusivity. Specifically, 1 = 2 1 with 108 1 = 2 / (2Δ ), and 2 = 4 2 with 2 = 2 / (4Δ ).
109
It is convenient to consider the motion in a reference frame that is moving with the reference 110 particle. In that reference frame, the reference particle will always stay at the origin, while other 111 particles will still be involved in a random walk motion, but with the diffusivity twice that in the 112 stationary frame, =2 (Rypina and Pratt, 2017).
113
The problem of finding the encounter number then reduces to counting the number of randomly
114
walking particles (with diffusivity ) that come within radius of the origin in the 115 moving frame. This is related to a classic problem in statistics -the problem of a random walker 116 reaching an absorbing boundary, usually referred to as "a cliff" (because once a walker reaches 117 the absorbing boundary, it falls off the cliff), over a time interval .
118
In the next section we will provide formal solutions; here we simply outline the steps to 119 streamline the derivation. We start by deriving the appropriate diffusion equation for the 120 probability density function, ( ���⃗, ), of random walkers in 1D or 2D:
122
We place a cliff, �����⃗, at the perimeter of the encounter sphere, i.e., at a distance from the 123 origin, and impose an absorbing boundary condition at a cliff,
125
which removes (or "absorbs") particles that have reached the cliff (see Fig. 1 for a schematic 126 diagram). We then consider a random walker that is initially located at a point 0 �����⃗ outside the 127 cliff at = 0, i.e.,
The survival probability, which quantifies the probability that a random walker initially located
135
at 0 �����⃗ at = 0 has "survived" over time without falling off the cliff, is
137 where the integral is taken over all locations outside of the cliff. The encounter, or "non-138 survival", probability can then be written as the conjugate quantity,
140
which quantifies the probability that a random walker initially located at 0 �����⃗ at = 0 has 141 reached, or fallen off, the cliff over time . This allows one to write the encounter volume, i.e., 
145 where the integral is taken over all initial positions outside of the cliff. 
1D case
148
Consider a random walker who is initially located at the origin and who takes, with a probability 149 ½, a fixed step ∆ to the right or to the left along the x-axis after each time interval Δ . Then the 150 probability to find a walker at a location = ∆ at after ( + 1) steps is
152
Using a Taylor series expansion in ∆ and ∆ , we can write down the finite-difference 153 approximation to the above expression as
155 yielding a diffusion equation (
167
It follows from (7-9) that the survival or non-encounter probability is
169 the encounter probability is
171
and the encounter volume is
The above formula accounts for the randomly walking particles that have reached the cliff from 174 the left over time . By symmetry, if the cliff was located to the right of the origin, the same 175 number of particles would be reaching the cliff from the right, so the total encounter volume is
177
Note that formula (18) gives the encounter volume, i.e., the volume of fluid coming within radius 178 from the origin, in a reference frame moving with the reference particle, so the corresponding 179 diffusivity in the right-hand side of (18) Consider a random walker in 2D, who is initially located at the origin and who takes, with a 182 probability of 1/4, a fixed step of length ∆ to the right, left, up or down after each time interval
183
Δ . Then the probability to find a walker at a location = ∆ , = ∆ at time 
186
Using a Taylor series expansion in ∆ , ∆ and ∆ , the finite-difference approximation leads to a 187 diffusion equation
189
.
190
To proceed, we need an analytical expression for the Green's function of Eq. (20) are the inverse Laplace transforms of
201 with = � .
202
The survival probability (from Eq. (7)) is
205
Next, we take the Laplace transform of the survival probability and write it in terms of a Laplace Using ∫ 0 ( ) = 1 ( ) and ∫ 0 ( ) = − 1 ( ), and lim →∞ 1 ( ) = 0 we find 210 211
214
216
From (8), the encounter probability ( ; 0 �����⃗, ) = 1 − ( ; 0 �����⃗, ), and from (9) the encounter 217 volume is
219
We now take the Laplace transform of the encounter number to get , ∫ 0 ( ) = − 1 ( ), and lim →∞ 1 ( )=0.
223
The explicit connection between the encounter volume and diffusivity is thus given by the 224 inverse Laplace transform of the above expression (28),
226
Although numerically straightforward to evaluate, a non-integral analytic form does not exist for 227 this inverse Laplace transform. To better understand the connection between and and the 228 growth of with time, we next look at the asymptotic limits of small and large time. The small-
229
limit is transparent, while the long-limit is more involved.
230
(a) small-asymptotics 231
In the small-limit, the corresponding Laplace coordinate is large, giving 232 � ( ; ) ~2 In the large-limit, the Laplace coordinate is small and the asymptotic expansions 0 , 1 take 239 the form 
253
Using −1 { ( )} = 1 ( / ), we thus obtain the desired connection between the encounter 254 number and diffusivity at long times: to be evaluated numerically and thus is subject to numerical accuracy, round-off errors etc.; these 272 numerical errors are, however, small, and we will refer to numerical solutions of (28-29) as 273 "exact," as opposed to the asymptotic solutions (31) and (38).
274
The comparison between numerical simulations and theory is shown in Fig. 2 We now apply the asymptotic formula (38) to convert the encounter volume to diffusivity.
330
Because equation (38) is not invertible analytically, we converted to numerically using a the advantage of being simpler and it also provides for a numerical estimate of the "long-time-
339
limit" time scale, (see discussion below).
341
The diffusivity map that results from converting to using (38) is shown in the top middle Stream jet cover large distances, sometimes > 650 , over 90 days.
354
The quality, or skill, of the fit (38) varies greatly throughout the domain, with good/poor fit in 355 high-/low-areas. This is because in the low-areas, the behavior of fluid parcels is non- 
361
This is further illustrated in the lower panel of Fig. 3 , which shows the comparison between Thus, can be used to provide an important additional information about the time scales of particle spreading, and to identify regions with non-diffusive behavior, such as the Lagrangian 369 eddy cores where is longer than the trajectory integration time ( > ).
371
In the top panels of Fig. 3 we used the full velocity field to advect trajectories, so both the mean properties of eddies and the particle spreading regime in realistic oceanic flows.
405
When applied to the altimetry-based velocities in the Gulf Stream region, the encounter volume 406 and diffusivity maps show a number of interesting physical phenomena related to transport and t -then the resulting encounter volume could be converted to diffusivity using the derived 423 connection. This would allow estimating diffusivity using a single instrument.
424
In the field of social encounters, it is becoming possible to construct large data sets by tracking 425 cell phones, smart transit cards (Sun, et al. 2013 ), and bank notes (Brockmann, et al. 2006 
